Math 233 Fall 2017-Jensen Practice Exam 1-A

Name:

Directions
e Do not turn this page until told to do so.
e Make sure your name is at the top.

e Answer all questions in the space provided. If you run out of room for an
answer, continue on the back of the page.

e State any Laws or Theorems that you use.
e Show all your work in detail.
e You will have 1 hour to complete the exam.

o Good Luck!

Question: | 1 2 3 4 5 6 7 8 9 | Total

Points: 12 1 10 | 10 | 10 | 10 | 10 | 10 | 13 | 156 | 100

Score:
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1. The graph of a function f(z) is shown below.

(a) (4 points) Sketch the secant line to the graph for the interval [2,3.5].
(b) (4 points) Sketch the tangent line to the graph at the point (2, 3).
(c) (4 points) Find the equation of the tangent line to the graph at the point (2, 3).

Solution:
y=zv+1

2. A stone is tossed vertically into the air from ground level with an initial velocity of 15 m/s.
Its height at time ¢ is h(t) = 15t — 4.9t> m.

(a) (8 points) Compute the stone’s average velocity over the time intervals [1,1.01], [1,1.001],
.99,1], [.999,1].
Solution: The formula for average velocity is
Ah  h(ty) — h(t;
avgvelz—zi(f) (1)
At tr—t;

Using our calculator and the above formula, we get

’ Interval ‘ Average Velocity ‘

[1,1.01] [5.151
[1,1.001] | 5.195
[99,1] | 5.249
[999,1] | 5.205
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(b) (2 points) Estimate the stone’s instantaneous velocity at ¢ = 1.

Solution: Using the table above, both the left and right limits approach 5.2. So
the instantaneous velocity at t =1 is 5.2 m/s.

3. (10 points) Use the Basic Limit Laws and the facts that for constants ¢ and &,

1. limk=k

Tr—C

2. llmzx=c
xr—c

to evaluate

lim Va3 + 5z + 7.
r—2

Solution:
lim /23 + 52 + 7 = \/lim 23 +5x + 7 By the Power/Roots Law
z—2 z—2
= /lim 23 + lim 5z + lim 7 By the Sum Law
z—2 r—2 T—2

=, /lim 23 + 5 lim z + lim 7 By the Constant Multiple Law
T—2 r—2

T—2

3
= \/<lim a;) +51lim x + lim 7 By the Power Law
x

T—2 —2 r—2

=/234+5(2)+7) By 1. and 2. of Problem 3.
=25

lim Va3 +5x+7=5
r—2

4. Let g(x) be the function

In(—x—3) ifz<-3

= if —3<x<?2
g(z) =44 if x=2

2V2z if2<x<8

8 ifx >8

Determine whether the following are true or false.

(a) (2 points) lim g(x) =g(-3). T
xz——3%
(b) (2 points) g(x) has a removable discontinuity at x = —3. F

(c¢) (1 point) lim g(x)=g(2). F

r—2~
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D.

6.

(d) (1 point) ¢g(8)=8. T

(e) (1 point) ili%g(x) exists. T

(f) (1 point) g(zx) is continuous at z =8. T

(g) (1 point) g(x) has a jump discontinuity at x = 8. F

(h) (1 point) Bonus, write true. T

(a) (3 points) State the Squeeze Theorem.

Solution: If [(z) < f(x) < u(x) for all z in an open interval containing ¢ (except
possibly at c itself), and if

lim [(x) = L = lim u(x),

Tr—C Tr—C

then lim f(z) = L.
Tr—cC

1
(b) (7 points) Use the Squeeze Theorem to show that lim = sin — = 0.

x—0 X

Solution: We look at the interval (—1,1) which contains the point ¢. On this
interval,

1
|sin—| <1
x
1
|| sin —| < |z
x
1
—lz| < xzsin — < |z|.
x
Since limg_g |x| = 0 (NOTE: Actually we have not shown this, but this is from
the book and the book assumes it. To show it evaluate the left and right hand

limits.), and lim,_,o —|z| = —limz_0|z| = 0, we can use the Squeeze Theorem
with {(z) = —|z|, and u(z) = || to conclude that lim, ,osin1 = 0.

(a) (5 points) Find all vertical asymptotes of

x2—4

x2 — 2z’




Math 233 Fall 2017-Jensen Practice Exam 1-A, Page 5 of 7

Solution: Generally vertical asymptotes happen when we have division by zero.

2
—4 -2 2
i &4 gy @ 2@ +2)
220 22 — 2 -0 x(x — 2)
. ox+2
= lim
x—0 x

2
— lim £ + lim — By the Limit Sum Law
z—0 X z—=0 T

2
—4 -2 2
lim x = lim w
e—=222 -2 22 x(r—2)
T+ 2
= lim
r—2 X
2+2 ) .. .
= —5 Since the reduced function is continuous
2
—4
lim — 9.

z—2 2 — 21

So the line y = 2 is not a vertical asymptote.

222 4+ 11x + 12

(b) (5 points) Find all horizontal asymptotes of SY R—

Solution: There is a horizontal asymptote at y = 1, since

202 +11le+12 2 . 4.,
m —- = =1
T—00 2x2+x—3 2 x—00

Above we used a Theorem from the book. We also must check the limit as x — —o0.
We do this one without the Theorem to illustrate another way of doing the problem.

2224 1l +12 222+ 1l +12 (a2
hm _— = hm —_——— —
z—>-o00 2241 —3 500 2224+ 1 —3 2
24 1t 412272
= lim

z——o00 2+ zx 1 —3r2
Climgy 0o 2+ 1127t 12272
o limgy 02421 — 3272

Quotient Law

N DO

Sum, Const. Mult. Laws, and Thm

222 4+ 11z + 12
hrn _— =

1
z——o0o 2r24+x—3

1
7. (10 points) Show that cosz + 5= 2% has at least one real root in the interval [0, 7].
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Solution: Define the function f(x) = cosz + 1/2 — 2%, Since cosz, 1/2, and 27 are
everywhere continuous, f(x) is continuous everywhere. In particular, it is continuous
on [0,7]. Now notice that f(0) = cos0+1/2 -2 =1+1/2—-1=1/2 > 0. Also
f(m) =cosm+1/2—2" = —1+41/2 — 2™ < 0. Then by using the Intermediate Value
Theorem, there is a number ¢ € [0,7] so that 0 = f(¢) = cosc + 1/2 — 2¢. Thus
cosc+1/2 =2°.

8. Find the limit if it exists. If necessary, state whether the limit is co, —oo, or does not exist.
Show your work.

. .16 — 22
(a) (5 points) ilg}l i

Solution: We try direct substitution first, because it is easy and if it works it
gives us the solution. At z = 4, we get
16 —42
4—4

0
-

This is in indeterminate form, so we do

16 — 22 i (4—2)4+2)

lim = lim
z—4 x—4 r—4 x—4
_ (4—2x2)4d+x)
_x—>4 —1(4—33)
= lim —(4+ )
r—4
16 — 2
lim 207 g
z—4 x—4

The last equality comes by substitution, which we can do since the reduced function
is continuous at x = 4.

(b) (8 points) lim /36x% —x — 6.
T—00
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Solution: Notice that this is in indeterminate form of co — co. So

V3622 — x + 6x
lim /3622 —z — 6z = hm V3622 — z — 62
T—00 (\/ 3622 — z + 62

_ lim (3622 — x) — 3622
=00 4/ 36ac2 —x + 6z

= lim

=00 /3622 — x + 62

x_1>
»”U—WO \/36332 — ac + 6z <

= lim
s m+ 6
-1
E R — Various Limit Laws
V36 +6
li 3622 —x — 6 = —i
oo Y PP TOT = g

9. (15 points) Prove rigorously (using the formal definition of limit) that lim 4z — 1 = 7.

T—2

Solution: Let € > 0 be given. Choose 0 = ¢/4. Then

O0<|z—2]<¢

€

— 2l < —
o2 < &
dlz—2| <e
|4z — 8] < €

4z —1) — 7| < e.

By the definition of limit, hm 4z — 1 = 7. This is really all we need, but the trouble

is choosing the correct 4. In order to do this it is often convenient to work backwards.
The following would be our scratch work:

[f(z) = L] <e

[(dx —1) = T| <e€

|[dx — 8| < €
dlz—2| <e

€
-2l < -.
-2 <

So from that we know that § < €/4 will work. We then do the forward direction as
above.




